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Abstract. We study the structure of linearized field equations in N = 1
chiral supergravity (SUGRA) with a complex tetrad, as a preliminary to
introducing additional auxiliary fields in order that the supersymmetry
(SUSY) algebra close off shell. We follow the first-order formulation we
have recently constructed using the method of the usual N = 1 SUGRA.
In particular, we see how the real and imaginary parts of the complex
tetrad are coupled to matter fields in the weak field approximation. Start-
ing from the linearized (free) theory of N = 1 chiral SUGRA, we then
construct a Lagrangian which is invariant under local SUSY transfor-
mations to zeroth order of the gravitational constant, and compare the
results with the linearized field equations.
1
1. Introduction
Right- and left-handed supersymmetry (SUSY) transformations in N = 1 chiral
supergravity (SUGRA) with a complex tetrad were introduced by Jacobson [1, 2],
and their first-order formulation was then constructed using the two-form gravity
[3, 4]. In a previous paper [5], following the method used in the usual N = 1 SUGRA
[6, 7], we presented the explicit form of the first-order SUSY transformations in
N = 1 chiral SUGRA for complex field variables; a complex tetrad eiµ, a self-dual
connection A
(+)
ijµ = A
(+)
[ij]µ which satisfies (1/2)ǫij
klA
(+)
klµ = iA
(+)
ijµ , and two independent
(Majorana) Rarita-Schwinger fields ψRµ and ψ˜Rµ.
∗ The SUSY transformation
parameters are not constrained at all in contrast with the method of the two-form
gravity. We showed that the SUSY algebra for N = 1 chiral SUGRA closes only on
shell.
The sum of the right- and left-handed SUSY transformations, however, is not
twice the usual N = 1 SUGRA in the following sense: The sum of the right- and
left-handed SUSY transformations for the complex tetrad is
δeiµ = −i(ψ˜Rµγ
iαR + ψLµγ
iα˜L) (1.1)
with α and α˜ being two anticommuting Majorana spinor parameters. Here both
ψ˜Rµγ
iαR and ψLµγ
iα˜L are complex. The real and imaginary parts of (1.1) cannot
be written as the form
Re(δeiµ) = −iΦ
1
µγ
iβ1, Im(δeiµ) = −iΦ
2
µγ
iβ2 (1.2)
by field redifinition from ψµ and ψ˜µ to appropriate Majorana spinors Φ
1
µ and Φ
2
µ,
accompanied by corresponding change of α and α˜ to Majorana spinor parameters
β1 and β2. Instead, we have
Re(δeiµ) = −
i
2
(ψ˜µγ
iα+ ψµγ
iα˜), (1.3)
∗ We assume ψµ and ψ˜µ to be two independent (Majorana) Rarita-Schwinger fields, and define
the right-handed spinor fields ψRµ := (1/2)(1 + γ5)ψµ and ψ˜Rµ := (1/2)(1 + γ5)ψ˜µ. The ψRµ
and ψ˜Rµ relate to the left-handed spinor fields ψLµ and ψ˜Lµ respectively, because ψµ and ψ˜µ
are Majorana spinors. The antisymmetrization of a tensor with respect to i and j is denoted by
A[i|···|j] := (1/2)(Ai···j −Aj···i). We shall follow the notation and convention of [5].
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Im(δeiµ) = −
i
2
(ψ˜
′
µγ
iα + ψ
′
µγ
iα˜), (1.4)
where ψ˜
′
µ := ψ˜µexp{(−iπγ5)/2} and ψ
′
µ := ψµexp{(iπγ5)/2}. Both (1.3) and (1.4)
contain two kinds of Majorana spinor parameters.
Therefore it seems non-trivial to introduce additional auxiliary fields which will
make the SUSY algebra of N = 1 chiral SUGRA closed off shell. The full non-
linear theory with auxiliary fields of the usual N = 1 SUGRA can be constructed
from its linearized theory, making the rigid SUSY transformations local and adding
appropriate terms to the free Lagrangian order-by-order in the gravitational constant
κ [8]. † This suggests that if we can introduce additional auxiliary fields at linearized
level, the full nonlinear theory with auxiliary fields will be constructed also for
N = 1 chiral SUGRA. Motivated by this expectation, we consider the structure of
the linearized field equations in N = 1 chiral SUGRA. In particular, we see how the
real and imaginary parts of the complex tetrad are coupled to matter fields in the
weak field approximation. We shall then modify the linearized (free) Lagrangian so
that it be invariant under local SUSY transformations up to order κ0, and show that
the modified Lagrangian correctly reproduces the field equations of N = 1 chiral
SUGRA in the weak field approximation.
This paper is organized as follows. In section 2 we define a real Lagrangian from
chiral one which is assumed to be analytic in the complex field variables, and derive
the field equations for the real and imaginary parts of the complex tetrad. The
chiral Lagrangian of matter fields includes massless Majorana spin-1/2 and spin-3/2
fields. In section 3 we apply the weak field approximation to the field equations
derived from the real Lagrangian. The explicit form of energy-momentum tensors is
calculated for (Majorana) Rarita-Schwinger fields. In section 4 we construct a local
SUSY invariant Lagrangian to order κ0, and compare the resultant field equations
with the linearized field equations in N = 1 chiral SUGRA. In section 5 we present
our conclusion. We summarize the identities derived from general coordinate and
local Lorentz invariances of the chiral Lagrangian in the appendix.
† The κ2 is the Einstein constant: κ2 = 8piG/c4. Unless stated otherwise, we use units c = 1 =
κ2.
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2. Real Lagrangian
In local field theory, the spinor field ψ usually appears in the kinetic Lagrangian
forming a bilinear product with its own Dirac conjugate ψ. However, in N = 1
chiral SUGRA, we must use the kinetic Lagrangian formed of the bilinear prod-
uct of the two independent spinor fields ψRµ and ψ˜Rµ in order to make the SUSY
transformations compatible with the complex tetrad. Therefore, to recover the Her-
miticity of the kinetic Lagrangian, we add the complex conjugate, L(+), to the chiral
Lagrangian density L(+): Namely, we define the real Lagrangian density, ‡
L := L(+) + c.c., (2.1)
where L(+) is the sum of the chiral gravitational Lagrangian density and the chiral
Lagrangian density of matter fields, and “c.c.” means “the complex conjugate of
the preceding term”. The chiral gravitational Lagrangian density constructed from
the complex tetrad and the self-dual connection is
L
(+)
G = −
i
2
e ǫµνρσeiµe
j
νR
(+)
ijρσ, (2.2)
where e denotes det(eiµ) and the curvature of self-dual connection R
(+)ij
µν is
R(+)ijµν := 2(∂[µA
(+)ij
ν] + A
(+)i
k[µA
(+)kj
ν]). (2.3)
In order to discuss the structure of linearized field equations as generally as
possible, we suppose that the chiral Lagrangian density of matter fields take the
form
L
(+)
M := L
(+)
M [e, A
(+), Ψ˜R, D
(+)
µ ΨR], (2.4)
which is analytic in the complex field variables, eiµ, A
(+)
ijµ , ΨR and Ψ˜R. Here ΨR
and Ψ˜R are independent of each other, and denote collectively the matter fields; the
D(+)µ means the covariant derivative with respect to A
(+)
ijµ :
D(+)µ := ∂µ +
i
2
A
(+)
ijµS
ij . (2.5)
‡ For pure gravity case, Pelda´n [9] used the real Lagrangian to derive the real Ashtekar-like
theory based on the Lie-algebra SO(3, 1), denoting the real Lagrangian density by Ltot.
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The L
(+)
M of (2.4) is invariant under general coordinate and local Lorentz transfor-
mations, but its SUSY invariance is not necessarily satisfied.
The matter fields under consideration include massless Majorana spin-1/2 and
spin-3/2 fields. For massless Majorana spin-1/2 fields, the chiral Lagrangian density
is
L
(+)
1/2 =
e
6
ǫµνρσψ˜RγνρσD
(+)
µ ψR (2.6)
with γνρσ := γ[νγργσ].
§ For (Majorana) Rarita-Schwinger fields, we have
L
(+)
RS = −e ǫ
µνρσψ˜RµγρD
(+)
σ ψRν . (2.7)
Note that the L
(+)
M of (2.4) changes by phase under global chiral transformations,
ΨR(x) → exp(iγ5θ)ΨR(x) = exp(iθ)ΨR(x), (2.8)
Ψ˜R(x) → Ψ˜R(x)exp(iγ5θ
′) = Ψ˜R(x)exp(−iθ
′), (2.9)
where θ and θ′ are real constant parameters. Accordingly, we define the chiral
Lagrangian density L(+) as
L(+) = L
(+)
G + e
iϕL
(+)
M , (2.10)
with ϕ being a real constant parameter. Then ϕ is changed like ϕ → ϕ + (θ − θ′)
under the chiral transformations (2.8) and (2.9).
Let us express the real gravitational Lagrangian density,
LG := L
(+)
G + c.c., (2.11)
by using only real variables. We define the real SO(3, 1) connection by
ωijµ := A
(+)
ijµ + c.c. (2.12)
Then the R(+)ijµν of (2.3) becomes
R(+)ijµν =
1
2
(
Rijµν [ω]−
i
2
ǫijklR
kl
µν [ω]
)
, (2.13)
§The totally antisymmetrization of a tensor with respect to i, j and k is denoted by A[ijk] :=
(1/3)(Ai[jk] +Ak[ij] +Aj[ki]).
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where Rijµν [ω] is the curvature of the real connection ωijµ. Further we decompose
the complex tetrad into the real and imaginary parts:
eiµ = V
i
µ + iW
i
µ. (2.14)
The LG of (2.11) can then be written as
LG = −
e
4
ǫµνρσ(V iµV
j
ν −W
i
µW
j
ν)ǫij
klRklρσ[ω] + e ǫ
µνρσV iµW
j
νRijρσ[ω]. (2.15)
The real Lagrangian density of matter fields, LM , can be written by using V
i
µ,
W iµ and ωijµ as
LM := e
iϕL
(+)
M + c.c.
= LM [V,W, ω, Ψ˜, Dµ[ω]Ψ], (2.16)
where Dµ[ω] denotes the covariant derivative with respect to ωijµ:
Dµ[ω] := ∂µ +
i
2
ωijµS
ij. (2.17)
Note that Ψ˜ and Ψ appear in (2.16) instead of Ψ˜R and ΨR. In fact, the real
Lagrangian density of massless Majorana spin-1/2 fields can be expressed as
L1/2 =
e
6
ǫµνρσ{V ijkνρσ(e
iϕψ˜RγijkDµ[ω]ψR − e
−iϕψ˜LγijkDµ[ω]ψL)
+W ijkνρσ(e
i(ϕ+pi
2
)ψ˜RγijkDµ[ω]ψR − e
−i(ϕ+pi
2
)ψ˜LγijkDµ[ω]ψL)} (2.18)
with V ijkνρσ and W
ijk
νρσ being defined by
V ijkνρσ := V
[i
[ν(V
j
ρV
k]
σ] − 3W
j
ρW
k]
σ]), (2.19)
W ijkνρσ := W
[i
[ν(3V
j
ρV
k]
σ] −W
j
ρW
k]
σ]). (2.20)
For massless (Majorana) Rarita-Schwinger fields, the real Lagrangian density is
LRS = −e ǫ
µνρσ{V iρ(e
iϕψ˜RµγiDσ[ω]ψRν − e
−iϕψ˜LµγiDσ[ω]ψLν)
+W iρ(e
i(ϕ+pi
2
)ψ˜RµγiDσ[ω]ψRν − e
−i(ϕ+pi
2
)ψ˜LµγiDσ[ω]ψLν)}. (2.21)
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¿From (2.15) and (2.16), we can derive the field equations for V iµ, W
i
µ and ωijµ.
Varying L = LG + LM with respect to V
i
µ and W
i
µ yields
e ǫµνρσ(W jνRijρσ[ω]−
1
2
V jνǫij
klRklρσ[ω]) + e T
(1)
i
µ
= 0, (2.22)
e ǫµνρσ(V jνRijρσ[ω] +
1
2
W jνǫij
klRklρσ[ω]) + e T
(2)
i
µ
= 0, (2.23)
respectively. We note that there appear two energy-momentum tesors of matter
fields, T (1)i
µ
and T (2)i
µ
, defined by
T (1)i
µ
:= e−1
δLM
δV iµ
, T (2)i
µ
:= e−1
δLM
δW iµ
. (2.24)
These are related to the complex energy-momentum tensor,
T (+)i
µ
:= e−1
δL
(+)
M
δeiµ
, (2.25)
by
T (1)i
µ
− iT (2)i
µ
= 2T (+)i
µ
(2.26)
due to the Cauchy-Riemann relation. For ωijµ, we have the field equation,
e ǫµνρσDρ[ω]ImH
(+)ij
µν +
e
2
Sijσ = 0, (2.27)
where the spin tensor of matter fields is defined by
Sijµ := −2e−1
δLM
δωijµ
, (2.28)
and ImH(+)ijµν is the imaginary part of H
(+)ij
µν := e
i
[µe
j
ν] − (i/2)ǫ
ij
kle
k
[µe
l
ν]. Note
also that the Sijµ of (2.28) is connected with the self-dual spin tensor,
S(+)ijµ := −2e−1
δL
(+)
M
δA
(+)
ijµ
, (2.29)
by
Sijµ = S(+)ijµ + c.c. (2.30)
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The relation between T (+)i
µ
and S(+)ijµ is shown in the appendix (see (A.5)).
If we impose the reality condition, W iµ = 0 and Ψ˜ = Ψ, then the two real
constant parameters θ and θ′ in (2.8) and (2.9) are equal to each other, i.e., θ = θ′, so
the L
(+)
M of (2.4) becomes strictly invariant under the global chiral transformations.
Thus we choose the phase factor ϕ = 0. Then, in the case of spin-1/2 and spin-3/2
fields, substituting the solution of (2.27) into (2.22) and (2.23) yields the ordinary
Einstein equation and the Bianchi identity respectively.
3. Weak field approximation
To see how the real and imaginary parts of the complex tetrad are coupled to
matter fields, we apply the weak field approximation to the field equations (2.22),
(2.23) and (2.27), assuming that V iµ and W
i
µ satisfy
V iµ = δ
i
µ + a
i
µ, |a
i
µ| ≪ 1, (3.1)
W iµ = b
i
µ, |b
i
µ| ≪ 1. (3.2)
It is convenient to decompose the self-dual connection A
(+)
ijµ as
A
(+)
ijµ = A
(+)
ijµ [e] +K
(+)
ijµ (3.3)
and to take K
(+)
ijµ as an independent variable instead of A
(+)
ijµ . Here A
(+)
ijµ [e] is the
self-dual part of the Ricci rotation coefficients Aijµ[e]. Since we need not distinguish
Latin indices from Greek ones in the weak field approximation, we use Greek indices
in the rest of this paper, which are raised and lowered with the Minkowski metric
tensor ηµν . Now the real SO(3, 1) connection ωµνλ can be expressed in terms of aµν ,
bµν and K
(+)
µνλ as follows:
ωµνλ = ωµνλ[a] +
1
2
ǫµν
ρσωρσλ[b] +Kµνλ, (3.4)
where
ωµνλ[a] := −∂λa[µν] − (∂µa(νλ) − ∂νa(µλ)), (3.5)
ωµνλ[b] := −∂λb[µν] − (∂µb(νλ) − ∂νb(µλ)), (3.6)
8
and Kµνλ is defined by
Kµνλ := K
(+)
µνλ + c.c. (3.7)
Therefore, the curvature Rµνρσ[ω] can be written as
Rµνρσ[ω] = Rµνρσ[a] +
1
2
ǫµν
αβRαβρσ[b] + 2∂[ρK|µν|σ], (3.8)
where
Rµνρσ[a] := 2∂[ρω|µν|σ][a], (3.9)
Rµνρσ[b] := 2∂[ρω|µν|σ][b], (3.10)
which are linear in a(µν) and b(µν) respectively.
Substituting (3.8) into (2.22) and (2.23), we can get the field equations in the
weak field approximation. In (2.22), the term of e ǫµνρσW jνRijρσ[ω] can be neglected,
and the term proportional to Rµνρσ[b] vanishes due to the Bianchi identity. Therefore
(2.22) becomes
Gµν [a] + ∂
ρKρνµ + ∂µvν − ηµν∂
ρvρ =
1
2
T (1)µν (3.11)
with vµ := Kµν
ν . Here Gµν [a] is the linearized Einstein tensor for aµν ,
Gµν [a] = −{✷a(µν) − ∂
ρ(∂µa(νρ) + ∂νa(µρ)) + ηµν∂
ρ∂σa(ρσ)} (3.12)
with
a(µν) := a(µν) −
1
2
ηµνa, a := η
µνa(µν), (3.13)
and the d’Alembertian ✷ being defined by ✷ := ∂µ∂µ. Similarly, from (2.23) we
have
Gµν [b] + ǫλρσν∂
λKµ
ρσ = −
1
2
T (2)µν , (3.14)
where Gµν [b] is the linearized Einstein tensor for bµν . Further, the field equation
(2.27) becomes
−Kρ[µν] + ηρ[µvν] =
1
4
Sµνρ. (3.15)
We take the energy-momentum tensors, T (1)µν and T
(2)
µν , and the spin tensor Sµνρ
to lowest order in aµν , bµν and Kµνρ: Namely, they are independent of aµν , bµν and
Kµνρ, and satisfy the conservation law,
∂νT (1)µν = 0, ∂
νT (2)µν = 0, (3.16)
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and the Tetrode formula in special relativity,
T
(1)
[µν] −
1
2
ǫµν
ρσT (2)ρσ = ∂
ρSµνρ, (3.17)
as is shown in the appendix (see (A.8) and (A.9)). Note that the antisymmetric
parts of T (1)µν and T
(2)
µν are related with each other by
2T
(1)
[µν] = −ǫµν
ρσT (2)ρσ . (3.18)
The linearized field equations (3.11), (3.14) and (3.15) are invariant under the
gauge transformations,
a(µν) → a
′
(µν) = a(µν) + ∂µΛ
1
ν + ∂νΛ
1
µ, (3.19)
a[µν] → a
′
[µν] = a[µν] + ǫ
1
µν , (3.20)
and
b(µν) → b
′
(µν) = b(µν) + ∂µΛ
2
ν + ∂νΛ
2
µ, (3.21)
b[µν] → b
′
[µν] = b[µν] + ǫ
2
µν (3.22)
where Λaµ and ǫ
a
µν = ǫ
a
[µν](a = 1, 2) are arbitrary four and six functions, respectively.
These transformations are the linearized version of complex general coordinate and
complex local Lorentz transformations. Equations (3.20) and (3.22) mean that a[µν]
and b[µν] can be eliminated. By means of the gauge freedom we can put the harmonic
condition,
∂νa(µν) = 0, ∂
νb(µν) = 0. (3.23)
Then the remaining degrees of freedom are 6 for each aµν and bµν , and the linearized
Einstein tensors for aµν and bµν are written as
Gµν [a] = −✷a(µν), Gµν [b] = −✷b(µν). (3.24)
Equation (3.11) is decomposed into the symmetric and antisymmetric parts as
Gµν [a] + ∂
ρKρ(µν) + ∂(µvν) − ηµν∂
ρvρ =
1
2
T
(1)
(µν), (3.25)
−∂ρKρ[µν] + ∂[µvν] =
1
2
T
(1)
[µν], (3.26)
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and similarly (3.14) into
Gµν [b] + ǫλρσ(µ∂
λKν)
ρσ = −
1
2
T
(2)
(µν), (3.27)
−ǫλρσ[µ∂
λKν]
ρσ = −
1
2
T
(2)
[µν]. (3.28)
Both sides of (3.11) and (3.14) are divergenceless with respect to ν, and the diver-
gence of (3.15) with respect to ρ yields (3.26) and (3.28) due to the Tetrode formula
(3.17). Therefore, there are (16 + 16 + 24) − (4 + 4 + 6 + 6) = 36 independent
equations for 6 + 6 + 24 = 36 independent variables, a(µν), b(µν) and Kµνρ.
We can rewrite (3.25) and (3.27) with the help of (3.15). Taking the divergence
of (3.15) with respect to µ yields
∂ρKρ(µν) + ∂(µvν) − ηµν∂
ρvρ =
1
2
∂ρSρ(µν), (3.29)
or equivalently
ǫλρσ(µ∂
λKν)
ρσ = −
1
2
∂ρS∗ρ(µν) (3.30)
with the ∗ operation being the duality operation
S∗µνρ :=
1
2
ǫµν
αβSαβρ. (3.31)
Using (3.29) and (3.30) in (3.25) and (3.27) respectively, we get
Gµν [a] =
1
2
T (1)(sym)µν , (3.32)
Gµν [b] = −
1
2
T (2)(sym)µν , (3.33)
where T (1)(sym)µν and T
(2)(sym)
µν are the symmetrized energy-momentum tensors:
T (1)(sym)µν = T
(1)
µν −
1
2
∂ρ(Sµνρ + Sρµν + Sρνµ), (3.34)
T (2)(sym)µν = T
(2)
µν −
1
2
∂ρ(S∗µνρ + S
∗
ρµν + S
∗
ρνµ). (3.35)
Now we restrict ourselves to the case of (Majorana) Rarita-Schwinger fields.
¿From the real Lagrangian density (2.21), T (1)µν and T
(2)
µν can be obtained as(
T (1)µν
T (2)µν
)
=
(
cosϕ sinϕ
−sinϕ cosϕ
)(
T (1)µν |ϕ=0
T (2)µν |ϕ=0
)
, (3.36)
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where
T (1)µν |ϕ=0 = − ǫλρσν(ψ˜
λ
Rγµ∂
ρψσR − ψ˜
λ
Lγµ∂
ρψσL)
= ǫλρσνψ˜
λ
γ5γµ∂
ρψσ, (3.37)
T (2)µν |ϕ=0 = −i ǫλρσν(ψ˜
λ
Rγµ∂
ρψσR + ψ˜
λ
Lγµ∂
ρψσL)
= −i ǫλρσν ψ˜
λ
γµ∂
ρψσ. (3.38)
Thus, T (1)µν and T
(2)
µν are mixed as the parameter ϕ changes. Since both of ψµ and
ψ˜µ are Majorana spinors, the T
(1)
µν |ϕ=0 of (3.37) can be diagonalized as
T (1)µν |ϕ=0 = ǫλρσν(ψ
1λ
γ5γµ∂
ρψ1σ − ψ
2λ
γ5γµ∂
ρψ2σ), (3.39)
where ψ1µ := (1/2)(ψµ + ψ˜µ) and ψ
2
µ := (1/2)(ψµ − ψ˜µ). The minus sign in (3.39)
means the appearance of negative energy: Namely, the positivity of T (1)µν |ϕ=0 is not
guaranteed. On the other hand, the T (2)µν |ϕ=0 of Eq.(3.38) is not diagonalized by
using ψ1µ and ψ
2
µ. However we have
T (2)µν |ϕ=0[ψ, ψ˜] = T
(1)
µν |ϕ=pi/2[ψ, ψ˜] = T
(1)
µν |ϕ=0[ψ
′, ψ˜], (3.40)
T (1)µν |ϕ=0[ψ, ψ˜] = −T
(2)
µν |ϕ=pi/2[ψ, ψ˜] = −T
(2)
µν |ϕ=0[ψ
′, ψ˜], (3.41)
where we define ψ′µ := exp{(iπγ5)/2}ψµ. Therefore T
(2)
µν |ϕ=0[ψ, ψ˜] is not positive
definite, either.
If we impose the reality condition, b(µν) = 0 and ψ˜µ = ψµ, together with ϕ = 0,
then the S∗µνρ of (3.31) can be calculated as
S∗µνρ = −iǫ
αβ
ρ[µψ|α|γν]ψβ , (3.42)
by virtue of which the symmetrized energy-momentum tensor T (2)(sym)µν of (3.35)
vanishes and the positivity of T (1)(sym)µν is recovered.
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4. Local SUSY invariant Lagrangian to order κ0
In the usual N = 1 SUGRA, the full nonlinear theory can be constructed from
the linearized (free) theory, making the rigid SUSY transformations local and adding
appropriate terms to the free Lagrangian order-by-order in the gravitational constant
κ [8, 10]. For example, one can construct a local SUSY invariant Lagrangian to order
κ0 by adding an interaction term proportional to the energy-momentum tensor.
Similarly, we can obtain a local SUSY invariant Lagrangian to order κ0 also in
N = 1 chiral SUGRA as we shall explain below. Hereafter we shall write the κ
explicitly. In the linearized theory, the free Lagrangian of N = 1 chiral SUGRA is
twice the usual N = 1 SUGRA: Namely, taking ϕ = 0 for simplicity, the free field
limit of the real Lagrangian density, L = LG + LRS, is
L0 = L0G + L
0
RS, (4.1)
where the linearized gravitational Lagrangian, L0G, is
L0G = −(a
(µν)Gµν [a]− b
(µν)Gµν [b]) (4.2)
and the free Lagrangian of (Majorana) Rarita-Schwinger fields, L0RS, is
L0RS = ǫ
µνρσψ˜µγ5γρ∂σψν , (4.3)
which can be diagonalized as
L0RS = ǫ
µνρσ(ψ
1
µγ5γρ∂σψ
1
ν − ψ
2
µγ5γρ∂σψ
2
ν) (4.4)
up to a total divergence term, where ψ1µ and ψ
2
µ are defined below (3.39).
The linearized theory of N = 1 chiral SUGRA possesses local gauge invariance
and rigid SUSY invariance just like the usual N = 1 SUGRA: Indeed, the L0 of
(4.1) is invariant under local gauge transformations,
δa(µν) = ∂µξν(x) + ∂νξµ(x),
δb(µν) = ∂µην(x) + ∂νηµ(x),
δψµ = ∂µǫ(x),
δψ˜µ = ∂µǫ˜(x). (4.5)
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In contrast with the usual N = 1 SUGRA, on the other hand, L0 is invariant
under two kinds of rigid SUSY transformations. One is the following rigid SUSY
transformations with supersymmetric partners being (a(µν), ψ
1
µ) and (b(µν), ψ
2
µ):
δa(µν) = −iψ
1
(µγν)α
1, δψ1µ = −2iS
ρσ∂ρa(σµ)α
1,
δb(µν) = −iψ
2
(µγν)α
2, δψ2µ = −2iS
ρσ∂ρb(σµ)α
2, (4.6)
where α1 and α2 are constant Majorana spinor parameters. In this case, if we make
α1 and α2 local and add appropriate terms to the L0 of (4.1) order-by-order in κ,
then the resultant Lagrangian density is twice that of the usual N = 1 SUGRA:
Namely, we have L = L1N=1SUGRA −L
2
N=1SUGRA.
The other is the rigid SUSY transformations,
δa(µν) = −
i
2
(ψ˜(µγν)α + ψ(µγν)α˜),
δb(µν) =
1
2
(ψ˜(µγ5γν)α− ψ(µγ5γν)α˜),
δψµ = −2iS
ρσ(∂ρa(σµ) + iγ5 ∂ρb(σµ))α,
δψ˜µ = −2iS
ρσ(∂ρa(σµ) − iγ5 ∂ρb(σµ))α˜ (4.7)
with α and α˜ being constant Majorana spinor parameters. Although the gauge and
SUSY transformations (4.5) and (4.7) form a closed algebra on shell, the rigid SUSY
transformations (4.7) are not twice the usual N = 1 SUGRA.
Let us construct a local SUSY invariant Lagrangian to order κ0. If the spinor
parameters α and α˜ in (4.7) become spacetime dependent, i.e., α = α(x) and α˜ =
α˜(x), then the L0 of (4.1) is no longer invariant: The variation of L0 can be expressed
as
δL0 = (∂µα˜)(J
1µ[a, ψ] + J2µ[b, ψ]) + (∂µα)(J˜
1µ[a, ψ˜] + J˜2µ[b, ψ˜]), (4.8)
up to total divergence, because L0 is invariant when α and α˜ are constant. However,
J1µ[a, ψ], J2µ[b, ψ], J˜1µ[a, ψ˜] and J˜2µ[b, ψ˜] are not uniquely fixed: As example, we
shall explain how the ambiguity arises in J1µ[a, ψ]. The variation of L0 with respect
to the transformations (4.7) is
δL0 = (∂µa(λν))ǫ
µνρσα˜γ5γ
λ∂ρψσ + · · · . (4.9)
If the spinor parameter α˜ is constant, the first term of (4.9) is just a total divergence.
However, when α˜ is spacetime dependent, this term can be rewritten as
(∂µa(λν))ǫ
µνρσα˜γ5γ
λ∂ρψσ
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= (∂µα˜){−pa(λν)ǫ
µνρσγ5γ
λ∂ρψσ + (1− p)(∂ρa(λν))ǫ
µνρσγ5γ
λψσ}
+ [a total divergence] (4.10)
with p being an arbitrary real constant. Although the two terms proportional to p
in (4.10) are combined to a total divergence, they do lead to non-trivial ambiguity
in J1µ[a, ψ]. We can explicitly show that the remaining terms of (4.9) do not lead
to any ambiguity in J1µ[a, ψ]. Thus we have
J1µ[a, ψ] = −pa(λν)ǫ
µνρσγ5γ
λ∂ρψσ + (1− p)(∂ρa(λν))ǫ
µνρσγ5γ
λψσ + · · · . (4.11)
Note that similar ambiguity also appears in the usual N = 1 SUGRA. In the same
manner, we get
J2µ[b, ψ] = iqb(λν)ǫ
µνρσγλ∂ρψσ − i(1− q)(∂ρb(λν))ǫ
µνρσγλψσ + · · · , (4.12)
J˜1µ[a, ψ˜] = −p′a(λν)ǫ
µνρσγ5γ
λ∂ρψ˜σ + (1− p
′)(∂ρa(λν))ǫ
µνρσγ5γ
λψ˜σ + · · · ,(4.13)
J˜2µ[b, ψ˜] = −iq′b(λν)ǫ
µνρσγλ∂ρψ˜σ + i(1− q
′)(∂ρb(λν))ǫ
µνρσγλψ˜σ + · · · (4.14)
with p′, q and q′ being arbitrary real constants.
Inspection of (4.8) shows that the invariance under transformations with local
spinor parameter α˜(x) is recovered to order κ0 if the interaction term, (−κ/2)ψ˜µ(J
1µ
[a, ψ] + J2µ[b, ψ]), is added to L0, and if we simultaneously make the gauge trans-
formation of ψ˜µ with ǫ˜(x) = (2/κ)α˜(x). On the other hand, the interaction term,
(−κ/2)ψµ(J˜
1µ[a, ψ˜] + J˜2µ[b, ψ˜]), is needed if the spinor parameter α becomes space-
time dependent. Since these two interaction terms must be the same, we require
ψ˜µ(J
1µ[a, ψ] + J2µ[b, ψ]) = ψµ(J˜
1µ[a, ψ˜] + J˜2µ[b, ψ˜]). (4.15)
Then the constants p, p′, q and q′ are uniquely determined as p = p′ = 2 and
q = q′ = 2. Since J1µ[a, ψ], J2µ[b, ψ], J˜1µ[a, ψ˜] and J˜2µ[b, ψ˜] are now fixed and
satisfies (4.15), we modify the Lagrangian as
L1 = L0 −
κ
2
ψ˜µ(J
1µ[a, ψ] + J2µ[b, ψ]), (4.16)
which is invariant to order κ0 under the local SUSY transformations combined with
the gauge transformations with the identification, ǫ(x) = (2/κ)α(x) and ǫ˜(x) =
(2/κ)α˜(x).
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The interaction term in the L1 of (4.16) can be rewritten as κ(a(µν)T (1)(sym)µν +
b(µν)T (2)(sym)µν ). Thus (3.32) and (3.33) are derived from L
1 by taking variation with
respect to a(µν) and b(µν) respectively. It should also be noted that the correction
term of L1 is not twice the usual N = 1 SUGRA, because ψµ and ψ˜µ are contained
both in T (1)µν and T
(2)
µν as shown in (3.37) and (3.38).
5. Conclusion
We have studied the structure of linearized field equations in the chiral formula-
tion of gravity with the complex tetrad, and seen how the real and imaginary parts
of the complex tetrad are coupled to matter fields in the weak field approximation.
As an example, the explicit form of energy-momentum tensors has been calculated
for (Majorana) Rarita-Schwinger fields. Starting from the linearized (free) theory
of N = 1 chiral SUGRA, we have then obtained the Lagrangian which is invariant
under local SUSY transformations to order κ0. The resultant Lagrangian just re-
produces the field equations in the weak field approximation. We expect that the
full nonlinear theory of N = 1 chiral SUGRA can be constructed by adding appro-
priate terms order-by-order in κ to the first-order Lagrangian we have obtained. We
are also trying to introduce additional auxiliary fields into the linearized theory of
N = 1 chiral SUGRA as the preliminary step to construct the full nonlinear theory
with auxiliary fields of N = 1 chiral SUGRA.
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Appendix
In this appendix, we derive identities from general coordinate and local Lorentz
invariances of the chiral Lagrangian density
L(+) = L(+)[qµ; qµ,ν ; ekµ; ekµ,ν;A
(+)
ijµ ;A
(+)
ijµ,ν ], (A.1)
where matter fields are collectively denoted by qµ [11, 12]. An arbitrary variation of
L(+) is
δL(+) =
δL(+)
δF
δF + ∂ν
(
∂L(+)
∂F,ν
δF + L(+)δxν
)
, (A.2)
where F denotes qµ, ekµ and A
(+)
ijµ collectively, and δ is the Lie derivative defined by
δF = δF − F,νδx
ν .
If the L(+) is invariant under general coordinate and local Lorentz transforma-
tions, we have Noether’s identity,
δL(+)
δF
δF + ∂ν
(
∂L(+)
∂F,ν
δF + L(+)δxν
)
≡ 0. (A.3)
For complex local Lorentz transformations, variation of the fields is given by
δqµ =
i
2
ǫijS
ijqµ, δekµ = ǫk
lelµ
δA
(+)
ijµ = ǫi
kA
(+)
kjµ + ǫj
kA
(+)
ikµ − ǫ
(+)
ij,µ (A.4)
where ǫij = ǫ[ij] is an arbitrary complex parameter. Here ǫ
(+)
ij := (1/2){ǫij −
(i/2)ǫij
klǫkl}, and it is independent of ǫ
(−)
ij := (1/2){ǫij + (i/2)ǫij
klǫkl}. Using (A.4)
in (A.3) with L(+) = L
(+)
M yields
1
2
(
T
(+)[ij] −
i
2
ǫijklT
(+)kl
)
−
1
2
D(+)ν S
(+)ijν +
δL
(+)
M
δqµ
i
2
S(+)ijqµ ≡ 0 (A.5)
and
1
2
(
T
(+)[ij] +
i
2
ǫijklT
(+)kl
)
+
δL
(+)
M
δqµ
i
2
S(−)ijqµ ≡ 0 (A.6)
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with T
(+)
ij = ejµT
(+)
i
µ
. Here T(+)i
µ
and S(+)ijµ denotes e T (+)i
µ
and e S(+)ijµ with
T (+)i
µ
and S(+)ijµ being defined by (2.25) and (2.29) respectively. Similarly, the
identity for general coordinate invariance of L
(+)
M can be written as
∂νT
(+)
µ
ν
−eiν,µT
(+)
i
ν
−A
(+)
ijµT
(+)ij+
1
2
R
(+)
ijµνS
(+)ijν−
δL
(+)
M
δqν
D(+)µ qν+∂ν(
δL
(+)
M
δqν
qµ) ≡ 0,
(A.7)
by using (A.5).
With the help of matter field equations, the identities (A.5) and (A.6) become,
in the special relativistic limit,
T
(+)
[µν] −
i
2
ǫµν
ρσT (+)ρσ ≡ ∂
ρS(+)µνρ, T
(+)
[µν] +
i
2
ǫµν
ρσT (+)ρσ ≡ 0, (A.8)
while (A.7) gives the conservation law,
∂νT (+)µν ≡ 0. (A.9)
Since T (+)i
µ
and S(+)ijµ are related to T (1)i
µ
, T (2)i
µ
and Sijµ by (2.26) and (2.30),
we obtain the conservation law (3.16) from (A.9), and further the relations (3.17)
and (3.18) from (A.8).
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